We consider the Einstein-Hilbert action without cosmological constant in 5-dimensions and implement the Kaluza-Klein (KK) reduction by compactifying the fifth direction on a circle of small but finite radius. For non-zero compactification radius, the 4-dimensional spectrum contains massless and massive KK modes. For the massive KK modes, we retain four KK tensor and one KK scalar modes after a gauge fixing. We treat those massive KK modes as stochastic sources of gravitational wave (GW) with characteristic dependences of the frequencies on the size of the extra dimension. Using the observational bounds on the size of the extra dimension and on the characteristic strain, we make an order estimation on the frequencies and amplitudes of the massive KK modes that can contribute to the GW.
Introduction
The detection of gravitational waves (GWs) by the LIGO and VIRGO collaborations [1] [2] [3] [4] [5] [6] [7] [8] [9] from a merging of a pair of heavy black holes seems to be consistent with a prediction of Einstein's general relativity. The GW due to the merging of a neutron star pair has also been observed subsequently [10, 11] , opening new possibilities for astronomical observation and cosmological research. Shortly after the general relativity was established, the idea to unify the gravity and the electromagnetic force, known as the Kaluza-Klein (KK) reduction [12] [13] [14] [15] [16] , was born. This was an innovative attempt based on the existence of extra dimensions, and later the presence of extra dimensions became an essential element in the study of unified theories, such as string/M-theories. For this reason, if one can prove the existence of extra dimensions in nature, a new horizon of understanding of physics will be opened. Despite many attempts to prove it, it has not been successful up to now.
The current theoretical prediction of the GW is based on the general relativity in 4-dimensions with no reference to the extra dimensions. However, if we are living in a Universe with extra dimensions, there can be some remnants of the extra dimensions in the detection of the GW. The remnants may encode some information of the extra dimensions, such as the size of the extra dimension and the dynamics of fluctuations modes. Earlier attempts to explain the effect of extra dimensions on GW can be found in [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
In this paper, we consider the KK reduction of the Einstein-Hilbert action in 5-dimensions without a cosmological constant, which has one compactified spatial dimension of small but finite size L. 1 For nonzero L, the momenta of massive KK modes contain the information of the size of the extra dimension. We explicitly show that these massive modes contribute to metric fluctuations, which can have effects on the GW detections. To see the leading contribution in the small L limit, we analyze the 5-dimensional Einstein equation up to quadratic order in the metric fluctuations. We briefly summarize the procedure below. The background manifold in our setting is given by M 4 × S 1 , where M 4 is the 4-dimensional Minkowski space. 2 Then the 5-dimensional metric is expressed as
pq (x, y) + h pq (x, y), ( The form of the T µν in (1.2) is complicated and non-canonical in the sense that it includes higher derivatives. This makes the task of understanding the effect of the massive KK modes on the 4-dimensional GW highly non-trivial. In order to simplify the problem, we assume that the sources of GW from the extra dimension are stochastic. This assumption is realized by the ergodic average of T µν denoted by T µν [27, 28] . The equation of motion for the massive KK tensor modes implies that it is traceless and transverse. Due to these properties, the ergodic average of the energy-momentum tensor T µν is fully simplified. The resulting energy density ρ GW = T 00 of the GW is given by
where f is the frequency of the massive KK modes but can be identified with the frequency of GW and S h (f ) is the spectral density of the massive KK tensor modes. This result contains a characteristic factor 4) which determines the contributions of massive modes to the energy density of the GW only at the specific frequencies. From the positiveness of C I (f ) in (1.4), we see that there exists a minimum value of the frequency in the GW detection. For instance, the minimum frequency is given by f min ≥ 4.8 × 10 11 (Hz), (1.5) for the upper bound on L ≤ 10 −4 m. The smaller the size of the extra dimension, the higher the minimum frequency. From the various stochastic background GWs observational limit [29] [30] [31] [32] [33] [34] [35] , one can also estimate the amplitude of the massive KK modes that corresponds to this minimum frequency. We will present such order estimation in subsection 3.2. This paper is organized as follows. In section 2, we investigate the formalism of the effective 4-dimensional gravitational waves from the KK reduction of the 5-dimensional theory to the effective 4-dimensional gravity theory. The 4-dimensional massless graviton obtains the source from the massive modes. We show how to calculate this source term in the stochastic method in section 3. We conclude in section 4.
Dimensional Reduction with Massive KK Modes
We consider the KK reduction of the 5-dimensional Einstein-Hilbert action without cosmological constant to obtain the 4-dimensional gravity theory. The KK reduction involves compactification of one spatial coordinate on a circle of radius L. For a finite L, the compactification results in 4-dimensional KK towers, which are the tensor modes h ). In the L → 0 limit, all massive KK modes (I = 0) are decoupled from the zero modes (h 
with 12) where Q pq stands for terms that are quadratic in the fluctuations. Our goal in this section is to implement the KK reduction and obtain the 4-dimensional linearized Einstein equation with a source from the 5-dimensional equation in (2.10). The resulting equations contain information on the size of extra dimension only if we take into account the massive KK modes. The line element of the flat background metric with the compactified fifth direction has the form 13) where y = Lψ with 0 ≤ ψ < 2π. The following procedure is identical to the Scherk-Schwarz formalism, which reducesd-dimensional gravity to d =d−1 dimensional effective theory [41] . Using the metric in (2.13), we split (2.10) into (µ, ν), (µ, 5), and (5, 5) components to obtain the equations of motion for the tensor, vector, and scalar fields. See Appendix A. Since the fifth-direction is a compactified, one can expand the fluctuations as
where Y I 's with I = 0, 1, · · · are the spherical harmonics on S 1 , which satisfy the eigenequa-
We normalized the spherical harmonics as,
so that they obey the orthonormal condition
.
Gauge fixing
Under an infinitesimal coordinate transformation x ′p = x p − ξ p , the metric fluctuation transforms as
Expanding the gauge function in terms of the spherical harmonics as 17) and using (2.14) in (2.16), we obtain
Combining the tensor, the vector, and the scalar KK modes in (2.18), we obtain the gauge invariant massive KK tensor modes for I = 0,
In this paper, we fix the five gauge degrees of freedom for the non-zero modes as follows 20) where I = 0. Then the gauge invariant massive KK tensor modes are reduced tô
In the next subsection, we will see that the massive KK scalar modes h I and tensor modeŝ h I µν play the role of the matter fields in the linearized Einstein equations of the massless 4-dimensional graviton mode.
In addition to the five gauge conditions in (2.20), we have five more constraints, which follow from the equations of motion for the non-zero modes. As a result, we get five physical degrees of freedom of the massive KK modes for every I = 1, 2, · · · . See the discussion after (2.31).
For the zero modes, we will use a different set of constraints to remove unphysical degrees of freedom. From the gauge transformations for the zero modes in (2.18), namely, 
Linearized Einstein equations
In order to obtain the equations of motion for various KK modes, we split equation (2.10) into (µ, ν), (µ, 5), (5, 5) components and use the expansions in terms of the spherical harmonics given in (2.14). Then, the equations of motion for the I th KK modes are obtained by projecting on
In particular, the equations of motion for the zero modes (I = 0) are given by 
Before we proceed further, we would like to comment on the fact that the massless KK zero modes cannot contribute to the quadratic terms in the above equations. Naively, the projection of (2.10) on Y 0 produces quadratic terms which are composed of both the massless and the massive KK modes. For instance, the equation for the massless KK tensor mode can be rewritten as
where Q We can simplify the quadratic terms in the above equations by using the equations of motion for the massive modes. As those quadratic terms are already second order in the fluctuations, the linear order of the massive modes is sufficient for the purpose of such simplification. After fixing the gauge as in (2.20) , the linear order equations of motion for the massive modes, which are obtained by projecting (2.10) on Y I or ∇ 5 Y I , are given by
28)
Combining (2.29) and (2.30) we obtain one more constraint, which is
The five constraints from (2.30) and (2.31) will eliminate five degrees of freedom among the fifteen degrees of freedom in h I pq . Additional five degrees of freedom are removed by the gauge fixing in (2.20) . This will leave us with five physical degrees of freedom for the non-zero modes at each I = 1, 2, · · · .
For the zero modes, the TT gauge, which was introduced in the previous subsection, removes five unphysical degrees of freedom fromĥ 0 µν . We then use the remaining five constraints to remove three more unphysical degrees of freedom fromĥ 0 µν and two unphysical degrees of freedom from v 0 µ . As a result, we have five physical degrees of freedom for the zero modes as well. For clarity, we summarize the physical degrees of freedom for the massless and massive modes in table 1. 
The mass of these KK modes is inversely proportional to the size of the compactified fifth dimension. Thus, we can constrain this size if we can measure the mass of the KK modes. We will discuss this in section 3. Finally, we can use (2.29), (2.30) and (2.32) to simplify the quadratic terms in (2.25) and (2.26) . After the simplification, we combine (2.25) and (2.26) to obtain the equation of motion for the 4-dimensional massless graviton mode, 
The result in (2.33) is the linearised Einstein equation with the source for the 4-dimensional graviton. One can see that the massive KK modes become the source of the 4-dimensional massless graviton. Compared to the usual 4-dimensional graviton which does not contain the source for the linear order perturbation, the effective 4-dimensional massless graviton obtains the source from the massive KK modes in the compactified 5-dimensional Universe. We can write (2.33) more formally as 35) where the energy-momentum tensor is given by
We note that even though h I appears in the energy-momentum tensor, it is not an independent degree of freedom since it is expressed in terms of h 
Even though it is redundant to rewrite the T µν in (2.37), this form will further simplify our calculations in the subsequent sections. For comparison, we shortly review how to obtain the effective energy-momentum tensor of the four-dimensional gravitational waves on the flat universe in Appendix B. It is important to notice that the effective energy-momentum tensor obtained there is different from the above energy-momentum tensor of our model.
Effect of the Extra Dimension in the GW detection
In this section, we show the effect of massive KK modes on the dynamics of the fourdimensional graviton. In order to compare with the observation, we derive the analytic form of the stochastic average of the energy-momentum tensor obtained in the previous section. We perform the order estimation to put a new constraint on the size of the extra dimension. It is expected that there will be more accurate GW data available in the future and we believe our results provide a tangible formalism on how to use the GW data to get some information about the extra dimension.
Stochastic average of the energy-momentum tensor
The energy in GW is described by averaging the energy-momentum tensor over several wavelengths or periods. Thus, we need to average the energy-momentum tensor in our model given in (2.37), which is built from the non-zero modes, h I andĥ L 2 . We can regard both h I andĥ I µν as random variables, which can be identified with a stochastic background. Thus, using the dispersion relations, we calculate the ensemble average of the energy-momentum tensor. In order to perform the time average, we use the plane wave expansion of h I ( x, t) in terms of the Fourier transformation [27, 28] .
where the four-vectors in the exponent are k µ = (ω/c, k ), x µ = (ct, x ) and we have suppressed the index I in (ω I , k I ) for simplicity. Using the dispersion relation in (3.39) we can write d 3 k as
where d 2n = −d(cosθ)dφ denotes the integration over the solid angle and in the last step we have replaced ω by 2πf . Similarly
Using (3.41) and (3.42), (3.40) becomes
where ǫ = mc 2 /(2π ) and in the second line we usedB I * (f,n) =B I (−f,n), (c.c) means the complex conjugate, and also introducedh
I (f,n). We emphasize that the integral range in (3.43) is not well defined for |f | < ǫ because it will produce tachyonic modes as shown in (3.39). The real integral ranges in the second equality of (3.43) are [−∞, −ǫ] and [ǫ, ∞]. However, this detail is not important because as we will see later, the quantities we need to compare with the data are the integrands of (3.45), (3.51), and (3.52). From the above plane wave solution and assumption on the stochastic properties of the non-zero modes, we can replace the ensemble average of the energy-momentum tensor with the temporal average. This is given by
Note that since h I ( x, t) is a real mode, we could write h I * ( x, t)h
because the former way of writing is commonly used in literature. Now we use the definition of the stochastic property
The function S h (f ) is called the spectral density of the stochastic background h I ( x, t). Then we obtain
where we have used S h (−f ) = S h (f ) in the second line. One can repeat the same process for theĥ
where we have defineh
If we adopt the stochastic background of the GW generated from h Table 1 . If one assumes that the stochastic backgrounds of GW are stationary, then the ergodic average becomes
where we have used h I * A (f,n)h
S h I (f ). Now using (3.46) and (3.48), the average for the tensor modes becomes
where the definition of characteristic strain is h c = 2
Finally, we can calculate T µν using the above stochastic properties of h I andĥ I µν . The energy-momentum tensor for our model is given in (2.37) and it looks very complicated. However, once we substitute the above plane wave solutions for the massive scalar and tensor modes, most of the terms are either vanishing because of the transverse condition ∇ µĥI µν → k µĥI µν = 0 or they cancel each other because any two contracted covariant derivatives of the form
, where the ellipses denote multiple covariant derivatives. As a result, we get a very remarkable simplification and only two terms in (2.37) survive,
Thus, the energy density of the GW ρ gw = T 00 is given by
where the first step amounts to expressing the energy density of GW as an integral over d ln f of some spectral density and the second step is substituting T 00 from (3.50). One can also define the logarithmic derivative of the energy density contrast of the GW as contribute to the sources of the stochastic background GW.
Order estimations
In this section, we elaborate on the observational applications of our model by using both GW experiments and particle physics ones.
Gravitational wave applicataion
One of the main properties of our model is the existence of the lower limit of the frequency which can contribute as a source of the 4-dimensional GWs. From (3.52) we notice that we first need to make sure 1 − Ic 2πf L is positive. This means that the KK modes below a specific frequency cannot contribute as the source of the effective 4-dimensional massless gravitational waves. Thus, we obtain the lower limit on the frequency f min for the first massive mode (I = 1) for a given upper bound on the size of the extra dimension L max ,
There have been various upper limits on the size of the extra dimension depending on the methods of measurements [36] . One way to put the limit on the L max is the deviations of the Newtonian gravitational law and it gives the value as around 100µm [36] . In this case, we can put the lower limit on the frequency as O 10 11 Hz. Another method is based on the Randal-Sundrum (RS) model which proposes the 1/TeV (i.e. 10 −18 m) scale warped extra dimension in order to explain the hierarchy of the electroweak scale [37] . Thus, the RS model estimates the lowest value of the frequency to be O 10 25 Hz. The smaller the size of the extra dimension, the higher the frequency of the modes that can contribute as the source of the massless 4-dimensional GWs. Therefore, we propose high-frequency detectors in order to measure the very small extra dimension by using the GWs. Next, we use the observational limit on the magnitude of the dimensionless energy density in GWs, Ω gw (f ), to constrain the magnitude of characteristic strain h c by using (3.52). There are various limits on the Ω gw (f ) at fixed frequencies from various observations [29] [30] [31] [32] [33] [34] [35] . We show these in Table 2 . If we adopt the Planck result [35] and use the fact that
, then we can estimate the magnitude ofh as 
Particle physics application
Due to our detailed calculation for the KK reduction with the finite size of the extra dimension, one can also estimate the size of the extra dimension by using the results of particle physics observations. From the definition of masses of KK modes, one obtains L =
. We can find L from the stable radion mass bound. In our model, h I in (2.20) corresponds to this radion. Given a stabilization mechanism, the radion mass can in principle be calculated. The required ansatz is that the radion fluctuation about the RS background solves the linearized Einstein equations. Then we incorporate the backreaction of the bulk scalar vacuum expectation value into the metric. Treating the backreaction as a perturbation about the RS solution, the mass bound was given by [38] [39] [40] O(10GeV) ≤ m I ≤ O(1TeV) . 
Conclusions
In order to examine the effect of the extra dimension in our observational 4-dimensional phenomena, one needs to consider the small but finite size of the extra dimensions. The conventional KK reduction, where only the massless KK zero modes are kept to obtain 4-dimensional gravity theory, fails to provide evidence on higher-dimensional gravity models. In the limit of vanishing size of extra dimensions, neglecting the massive KK modes is feasible, whereas, for the small but finite size of the extra dimensions, the massive KK modes can have measurable effects on the 4-dimensional gravity theory. In this manuscript, we investigate the effective 4-dimensional gravity theory obtained from the KK reduction of the Einstein-Hilbert action without the cosmological constant in a compactified 5-dimensional manifold.
In our model, the KK reduction produces sets of both massless and massive dynamical fields. The massless fields are composed of a tensor mode and a vector mode each with two dynamical degrees of freedom, and a scalar mode with one dynamical degree of freedom. The massive fields also have five degrees of freedom and we chose four massive tensor modes and one massive scalar mode. The massive modes act as the matter field and become the sources of the massless fields in the GW equation. In particular, the energy-momentum tensor in the equation of motion of effective 4-dimensional massless graviton is composed of the massive tensor and scalar KK modes.
In [23] , they claim that there exists one longitudinal massive graviton mode in the KK reduction of 5-dimensional gravity theory. Their model is quite similar to ours, however, we do not find any massive graviton mode in our model. We found that this discrepancy stems from including ∆ M h µν -term in their Eq.(2.22a), which is actually vanishing for the massless mode. Thus, the 4-dimensional effective graviton is massless as we have shown in section 2. Our result is also consistent with the previous works [41] [42] [43] [44] .
From the observational upper limit on the size of the extra dimension, we will be able to obtain a lower limit on the frequency of the GW. Higher minimum frequency is required to probe the very small size of the extra dimension. Also from the various stochastic background GWs observations, we estimate the amplitude of the massive KK modesh ρσ ∼ 10 −31 Hz −1 . Therefore, we propose that high frequency and very sensitive experiments of GWs are required in order to investigate the information on the 5-dimensional compactified extra dimension. However, this high sensitivity might be improved if one considers higher extra dimensional models. As a side remark, we also obtain a bound on the size of the extra dimension as 10 −19 m ≤ L ≤ 10 −17 m, from the mass bounds on the KK modes. If the observations of the particle physics provide more stringent bound on the mass of the KK modes, it can narrow the frequency searching window. 
A Decomposition of Quadratic Order Equations and Harmonic Expansions
We decompose the equations in (2.10) in to the (µ, ν), (µ, 5), and (5, 5)-components. As a result we obtain the following set of equations.
• (µ, ν)-components: Choosing the free indices (p, q) in (2.10) to be (µ, ν), we obtain
where Q µν is the quadratic part in (2.11). Since we are considering a flat background metric, we note that ∇ ρ ∇ σ = ∇ σ ∇ ρ . In order to obtain the equation of motion for the tensor zero mode h 0 µν , we expand the fluctuation h pq in (A.57) in terms of the spherical harmonic in (2.14) and project the resulting equations on Y 0 . Using the gauge fixing (2.20), we obtain
(A.60)
The (µ, a ′ = 5)-components of (2.10) are given by
Projecting on Y 0 and ∇ 5 Y I , we obtain the equation of motion for the vector zero mode and some constraint equations for h I µν
where we have used the gauge fixing in (2.20) , and (Q 0 µ , Q I µ ) are quadratic terms, whose explicit forms are not needed for what we want to accomplish in this paper.
• (5, 5)-components: The (a ′ = 5, b ′ = 5)-components of (2.10) are In this appendix, we briefly review the four dimensional energy-momentum tensor from GW perturbation, in order to show the analogy with what we done in the section 3. In the section 2, starting from the flat 5-dimensional gravity theory and applying the KK reduction including terms that are quadratic order in the metric perturbation, we have obtained the 4-dimensional effective gravity theory with matter. The similar situation has been considered in the 4-dimensional gravity when a source of GW is far from the observer. In this case, the energy carried by a wave as it leaves a source can be written as an effective stress-energy tensor for the wave by including the second order perturbation. This is the so-called Isaacson energy-momentum tensor [45] . We assume that the amount of energy associated with GW in a region of spacetime is large enough to contain several wavelengths of gravitational radiation but is smaller than any background curvature scale. In this case, one need to do an integral average of an effective energy-momentum tensor over a volume large enough that bulk contributions are greater than the boundary contributions. Einstein field equations in a vacuum are written by 
